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Absrracr - I” this watk, an ortgtad closed-form 
approximate evaluation is performed for the continuous- 
spectrum net* excited by an electric-current Line wunx to P 
substrate-superstrate configuration, optbnlzed for leaky- 
wwe mdlatian. The validity of these results is shown for the 
near and the far neld at different frequencies, including the 
frequency range in which the leaky WPW is physical and the 
entire tmnsitbn region through the spectral gap. This new 
&s&form result shows explicitly the n~~re of the 
motinuousspstrum field in the transition region, and 
provides insight into the nature of the fields on more 
campkated structures such as mierowsve integrated 
circuits. 

1. ImODUcTION AND B.4CKGROuND 

The two-layer planar dielectric waveguide shown in Fig. 
l(a) (substrate-superstrtrate configuration) was proposed as 
an antenna geometry capable of producing narrow radiated 
beams, when the dimensions are chosen properly and the 
super&rate permittivity is high [I]. Its behavior has 
subsequently been interpreted as due to the excitation of 
leaky waves supported by the stmchue [2]. As is well 
known, under suitable conditions these solutions can 
represent in a highly-convergent manner the continuous- 
spectrum field in open waveguides [3,4]. 

The part of the continuous spectnun which is not 
represented by the leaky-wave field has recently been 
studied in [5], where it was termed the residual wme. The 
residual-wave contribution to the-field becomes non- 
negligible in the neighborhood of the transition region, 
which typically exists between the physical leaky-wave 
region and the region where the bound-wave exists [6]. 

In this work we present an approximate closed-form 
expression for the residual-wave tield on the air-dielectric 
interface, when the stmcture is excited by an infinite 
electric-current line source. ‘Ibis leads to a closed-form 
expression for the continuous-spechum field on the 
interface. This representation is in terms of the 
contribution of two poles of the Green function, each 
weighted by an appropriate fransitionjimc~ion. 

This paper is organized as follows. In Section II the 
analytical derivation of the approximate closed-form 
expression for the continuous spectrum is summarized. In 
Section III numerical results are presented for a typical 
optimized structure, for both the aperture field and the 
radiated far field, and a comparison is presented with the 
results obtained through the use of an existing empirical 
transition function [7]. Filly, in Section IV conclusions 
are presented. 

II. .4NAI.Ysls 

The reference structure is a double-layer dielectric 
configuration on a ground plane, infinite along the z 
direction, excited by an infinite electric line source 
directed along the y axis, as shown in Fig. l(a). With 
reference to the symbols defined in Fig. I(a), we assume 
that the physical parameters satisfy the following relations 
[l,2,71: 

k,bd-sin’=n 

k,r,h~=s/Z 

x,=b/Z 

which optimize radiation at angle 0, due to the first 
higher-order TE mode (T?$) in a leaky regime. 

The y-polarized electric field at the air-dielectric 
interface can he expressed by an inverse Fourier transform 
as: 

E,(b,z)=~~~~(h,k,)c-l’-‘dk, , (2) 

where the spectral Green function zp is known in a 
simple closed form [4], and the integral is performed 
along the real axis, assuming infinitesimal losses. By 
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deforming the integration path around the branch cut 
which defines the proper and improper Ftiemaon sheets 
(see Fig. l(b)), the total field can be expressed as the 
residue contribution of the captured proper real poles, 
which constitutes the bound-wave field (in our case, &oom 
the TE, mode) and the contribution of the integral around 
the branch cut, which constitutes the continuous-speck 
field. By further deforming the integration path to the 
steepest-descent path (SDP) (the vertical path C, that 
goes around the !Q branch point in Fig. l(b)), the 
continuous spechum can be expressed as the sum of the 
residue contribution of the captured (physical) leaky poles 
(in OUT case, the T!$ mode, neglecting the higher-order 
leaky modes) and the contribution of the integral around 
CM, which constitutes the residual-wave field [5] (called 
the space-wave field in [7]). The residual-wave field is 
therefore expressed as 

In Eq. (3), the change of variable k, = k. - js has been 
performed, and the resulting integmod F(s) is the 
difference 04 the original integrand calculated on the two 
parts, proper and improper, of the C, path. 

To obtain an approximate analytical expression for the 
residual-wave field, we make the following basic 
assumptions: first, we lets tend to zero, in order to obtain 
an asymptotic approximation for large I via Watson’s 
lemma; second, we let the f&quency f tend to the cutoff 
frequencyj, of the TEz mode, since we are interested in 
studying the neighborho-xl of the transition region 
between the leaky-wave and band-wave regimes of this 
mode. Based on these assumptions, the following 
approximate form for F(s) can be obtained: 

where A is a co&cient that depends on the involved 
physical parameters, while s, and sI are the locations of 
the poles of the layered Green’s function in the two- 
sheeted s-plane, corresponding to the poles twr and hLRz 
shown in Fig. I@),- respectively. From the behavior of 
F(s) in tlte neighborhood of s = 0, it can be observed that 
the asymptotic decay of the continuous spectrum for high 
I is algebraic [5], and goes as r-j’* except at cutoff, where 
it goes as z-“’ [7]. 

The followiog closed-form expression for the 
approximate residual-wave field (ARW) can then be 
derived from Eqs. (3) and (4): 

The approximate continuous-spectrum field (ACS) can 
be obtained by summing the leaky-wave field of the !Q~, 
pole (when captured) and the approximate residual-wave 
field of Eq (5). The result can he cast in the following 
form: 

E;(h,=)e Elw,(h,r)T,,,(z)+E,,,(h,=)T,,,(=). (6) 

where we have introduced the leaky-wave fields ELw, due 
to the residue from the kLw, pole, 

ELwI(h,z) z A&e-““r’z , (7) 

with a similar expression for ELmr and the weighting 
(transition) functions Trw, and T,, defined as: 

where i = I,2 and a suitable determination of the square- 
root function must be used, related to the improper 
determination of the transverse wavenumber. It should be 
noted that, in order to obtain an accurate representation of 
the continuous spectrum, the contributions of both poles 
t,v, and !Q, are necessary; these poles can be a 
complex-conjugate pair, or two improper real poles, 
depending on frequency. The first pole, which is captured 
when physical, has its residue contribution weighted by 
the standard transition function T,, (see, e.g., [4]). The 
second pole is never captured; however its residue-like 
contribution is also taken into account in Eq. (6), 
weighted by the some transition function TLWJ. The 
consideration of the nonphysical pole tm is necessary 
due to the fact that it is close to the ko branch point, and 
therefore influences the asymptotic evaluation [4,8,9]. 

A closed-form expression for the far field of the residual 
wave (not reported here for brevity) can also be obtained, 
by Fourier transforming the apetie field of Eq. (5). 
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III. NUMERICAL RESULTS 

To demonstrate the validity of the proposed 
formulation, different numerical results will be presented, 
both in the near and in the far field, for the structure of 
Fig. l(a), optimized according to Eqs. (I) for radiation at 
endfue (6 = n/z) at a frequencyf = 19.5 GHz. 

In Fig. 2(a), a comparison is shown between the exact 
continuous spectrum (ECS), calculated numerically by 
subh’acting the bound-wave TE, field Tom the total field, 
and the approximate continuous spectrum (ACS), which in 
this case is represented by the residual wave alone, 
evaluated according to Eq. (6), at the cutoff frequency of 
the Tb mode (r= 19.5 GHz). The relevant location ofthe 

.pole singularities in the SDP plane is shown in the insert: 
it can be noted that one pole (k,,) is at the JQ branch 
point, while the other pole (km) is an improper real pole. 
The ageement is seen to be excellent. In Fig. 2(b) the fat 
field is shown for the same case. It is observed that the 
agreement between the total field (TF) and the ACS is 
excellent, especially near endtire. 

In Fig. 3(a), a comparison of the field on the interface 
(radiating aperture) is shown at a lower frequency v= 
19.4844 GHz), for which the leaky-wave pole kLw, is very 
close to the SDP but is not yet captured, as can be seen in 
the insert. Here again the agreetneut between the ECS and 
ACS is excellent. In this case, since the poles tw, and 
ta? are complex, the empirical power-based transition 
function given in [7] can also be used. The resulting 
power-based leaky-wave field (PBLW) is also shown in 
Fig. 3(a). Although the PBLW field does not ag~ee at all 
with the ECS on the interface (as expected, since this field 
by itself does not approximate the continuous spectrum), 
the far field t?om the PBLW aperture field matches very 
well with the exact fat field, as shown in Fig. 3(b). This 
interesting observation was noted in [7]. 

In Fig. 4(a), a comparison of the aperture field is shown 
atf= 19.4781 GHz, for which the leaky-wave pole SLly, is 
captured, but is still very close to the SDP (see insert). In 
this case, the continuous spectrum field is the sum of the 
leaky-wave field (LW) and the residual-wave field, 
approximated by the ARW of Eq. (5). It can be seen that 
neither the LW nor the ARW field by itself accurately 
represents the exact continuous specttutn, while their sum, 
the ACS field, does. Also, once again, while the PBLW 
iield does not accurately approximate the apature iield, it 
accurately reproduces the far field (as does the field 
produced by the ACS interface field). 

At lower frequencies, the leaky-wave field accurately 
represents the continuous spectrum while the residual- 
wave field is negligible, though it is still well represented 
by Eq. (5) (results have to be omitted here). 

Au original closed-form approximate expression for the 
continuous-spectrum aperture field has been formulated 
for a two-layer dielectric leaky-mode waveguide excited 
by an electric line source. The continuous-spectrum field 
is represented in the form of a weighted sum of two leaky- 
pole contributions: one corresponds to the leaky mode that 
forms the physical radiating beam, and the other 

U corresponds to the nonphysical complex-conjugate pole. 
NUllUiCul results show that the closed-form 
approximation is accurate for the field on the aperture, and 
for the far field that comes from it, in the entire lran.wion 
region of the relevaut leaky mode. This new approximate 
closed-form expression for the continuous spectrum 
provides the opportunity to analytically explore the nature 
of the fields produced by a practical sounx in the 
transition region, as the leaky-mode pole tnoves through 
the spectral-gap region. Although formulated for a simple 
two-layer dielectric structure, many of the conclusions 
should remain valid for sources on practical microwave 
integratedcircuit structures that support leaky modes. 
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Fig. 1. (a) Thhe substrate-supersmate conliguration treated here. Parmeters used in all the kmieal simulations: c,, = 2. I; e,z = 
10.8. @) Location of the singularities in the complex k, plane. klBr: bound-wave (TE,) proper real pole; !GX+V: leaky-wave (TEJ 
improper complex pole: k,,,: complex-conjugate of he kLw, pale; 4: branch point. The steepest-descent path C&o lies partly on the 
improper Riemann sheef (dotted line), and partly on the proper Riemann sheet (solid line). 

Fig. 2. Comparisons for (a) the near and (b) the far field, at/= 19.5 GHz. The location of the poles is shown in the insert figure 
in the steepest-descent plane of the variable 0 defined by k, = !Q sin(@), where the steepest-descent path (SDP) through the point 
(d&O) is also shown. Legend KS: exact continuous spectmm; ACS: approximate cantinuaus spectrum; TF: total field. 

IEI (V/m) 

Fig. 3. same as in Fia. 2, at I= 19.4844 GHz. Le.wtd: PBLW: power-bzxd lealcy WBve 

(b) 
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